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The excited state of the 12C nucleus known as the ‘‘Hoyle state’’ constitutes one of the most interesting,
difficult, and timely challenges in nuclear physics, as it plays a key role in the production of carbon via
fusion of three alpha particles in red giant stars. In this Letter, we present ab initio lattice calculations which
unravel the structure of the Hoyle state, along with evidence for a low-lying spin-2 rotational excitation. For
the 12C ground state and the first excited spin-2 state, we find a compact triangular configuration of alpha
clusters. For the Hoyle state and the second excited spin-2 state, we find a ‘‘bent-arm’’ or obtuse triangular
configuration of alpha clusters. We also calculate the electromagnetic transition rates between the low-lying
states of 12C.
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The carbon nucleus 12C is produced by fusion of three
alpha particles in red giant stars. However, without resonant
enhancement the triple alpha reaction is too slow to account
for the observed abundance of carbon in the Universe. In the
early 1950s, O¨pik and Salpeter noted independently that
the first step of merging two alpha particles is enhanced
by the formation of 8Be [1–3]. The ground state of 8Be is a
resonance with energy 92 keVabove the 4He-4He threshold
and a width of 2.5 eV. However, a year later Hoyle realized
that this enhancement is still insufficient. To resolve this
discrepancy, Hoyle predicted an unobserved positive-parity
resonance of 12C just above the combinedmasses of 8Be and
4He [4].
About three years later, Cook, Fowler, Lauritsen, and
Lauritsen observed a J ¼ 0þ state 278 keV above the
8Be-4He threshold [5]. This excited 0þ2 state has a width of
8.5 eV, and is now commonly known as the ‘‘Hoyle state.’’
The triple alpha reaction is completed when the Hoyle state
decays electromagnetically to the 2þ1 state and, subsequently,
to the 0þ1 ground state. Around the same time, Morinaga
conjectured that the structure of excited alpha-nuclei such as
the Hoyle state may be nonspherical [6], which would imply
low-lying rotational excitations of even parity. Other ideas
also exist for the structure of theHoyle state, such as a diffuse
trimer of alpha particles [7]. Recently, the spin-2 excitation
of the Hoyle state has attracted considerable interest from
several experimental groups [8–12].
We have recently presented an ab initio lattice calcula-
tion of the Hoyle state [13] where the low-lying spectrum
of 12Cwas explored using the framework of chiral effective
field theory and Monte Carlo lattice calculations. However
the central question regarding the alpha cluster structure
of the Hoyle state remained unsolved, perhaps the greatest
remaining challenge in ab initio nuclear theory. In this
Letter, we announce a major innovation of the lattice
method that constructs and tests a wide class of nuclear
wave functions explicitly. We present ab initio lattice
results that resolve questions about the structure of the
Hoyle state and the existence of rotational excitations.
We also find evidence for a low-lying spin-2 rotational
excitation of the Hoyle state. For the Hoyle state and its
spin-2 excitation, we find strong overlap with a ‘‘bent-arm’’
or obtuse triangular configuration of alpha clusters. This is
in contrast with the 12C ground state and the first spin-2
state, where we note strong overlap with a compact trian-
gular configuration of alpha clusters. We also calculate the
electromagnetic transition rates among the low-lying even-
parity states of 12C. Our lattice results can be compared
with other recent theoretical calculations for the low-lying
spectrum of 12C using the no-core shell model [14,15]
and variational calculations using Fermionic molecular
dynamics [16,17].
Chiral effective field theory treats the interactions of
protons and neutrons as a systematic expansion in powers
of nucleon momenta and the pion mass. A recent review can
be found in Ref. [18]. The low-energy expansion is organ-
ized in powers of Q, where Q denotes the typical particle
momentum and is treated on the same footing as the mass of
the pion. The most important contributions to the nuclear
Hamiltonian appear at leading order (LO) or OðQ0Þ, while
the next-to-leading order (NLO) terms are OðQ2Þ. In the
lattice calculations presented here, we include all possible
interactions up to next-to-next-to-leading order (NNLO),
or OðQ3Þ.
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Our analysis makes use of a periodic cubic lattice with a
lattice spacing of a ¼ 1:97 fm and a length of L ¼ 12 fm.
In the time direction, we use a step size of at ¼ 1:32 fm
and vary the propagation time Lt to extrapolate to the limit
Lt ! 1. The nucleons are treated as pointlike particles on
lattice sites, and interactions due to the exchange of pions
and multi-nucleon operators are generated using auxiliary
fields. Lattice effective field theory was originally used to
calculate the many-body properties of homogeneous nu-
clear and neutron matter [19,20]. Since then, the properties
of several atomic nuclei have been investigated [21,22].
A recent review of the literature can be found in Ref. [23].
We use Euclidean time propagation to project on to
low-energy states of the interacting system. Let H be the
Hamiltonian. For any initial quantum state , the projec-
tion amplitude is defined as the expectation value heHti.
For large Euclidean time t, the exponential operator eHt
enhances the signal of low-energy states. Energies can then
be determined from the exponential decay of these ampli-
tudes. The first and last few time steps are evaluated using
a simpler Hamiltonian HSUð4Þ, based upon the Wigner
SU(4) symmetry for protons and neutrons [24]. Such a
Hamiltonian is computationally inexpensive and is used
as a low-energy filter before the main calculation. This
technique is described in Ref. [23].
In Table I, we present lattice results for the ground
state energies of 4He and 8Be up to NNLO. The method
of calculation is nearly identical to that described in
Refs. [13,22,25]. As discussed in these references, our
LO result already includes a large portion of the correc-
tions usually counted at NLO. Therefore the scaling of
corrections with increasing order decreases much more
rapidly than suggested by the results in Table I. The
higher-order corrections are computed using perturbation
theory, and the coefficients of the nucleon-nucleon inter-
action are determined by fitting available low-energy scat-
tering data. In our calculations the NNLO corrections
correspond to three-nucleon forces. A detailed description
of the interactions at each order can be found in Ref. [25].
We have used the triton binding energy and the weak axial
vector current to fix the low-energy constants cD and cE
which enter the three-nucleon interaction. In comparison
with Ref. [13], improvements have been made using
higher-derivative lattice operators which eliminate the
overbinding of the LO action for larger nuclei such as
16O. The details of this improved action will be discussed
in a forthcoming publication. We note that the computed
binding energies for 4He and 8Be at NNLO are in agree-
ment with the experimental values.
In our projection Monte Carlo calculations, we use a
larger class of initial and final states than hitherto consid-
ered. For 4He, we use an initial state with four nucleons,
each at zero momentum. For 8Be, we use the same initial
state as for 4He, followed by application of creation opera-
tors after the first Euclidean time step in order to inject four
more nucleons at zero momentum. An analogous procedure
is performed in order to extract four nucleons before the
last Euclidean time step. Such injection and extraction of
nucleons at zero momentum helps to eliminate directional
biases caused by the initial and final state momenta.
We make use of many different initial and final states in
order to probe the structure of the various 12C states. For
the 12C states investigated here, we measure four-nucleon
correlations by calculating the expectation value h4i,
where  is the total nucleon density. We find strong four-
nucleon correlations consistent with the formation of alpha
clusters. In Fig. 1, we present lattice results for the energy
of 12C at leading order versus Euclidean projection time t.
For each of the initial states AD, we start with delocal-
ized nucleon standing waves and use a strong attractive
interaction in HSUð4Þ to allow the nucleons to self-organize
into a nucleus. For the initial states  and , we use alpha
cluster wave functions to recover the same states found
using the initial states AD. For these calculations, the
interaction in HSUð4Þ is not as strong and the projected
states retain their original alpha cluster character.
In Panel I of Fig. 1, we show lattice results correspond-
ing to the initial states A, B, and , each approaching
the ground state energy 96ð2Þ MeV. For initial state A,
we start with four nucleons (each at zero momentum) apply
TABLE I. Lattice results and experimental values for the
ground state energies of 4He and 8Be, in units of MeV. The
quoted errors are one standard deviation estimates which include
both Monte Carlo statistical errors and uncertainties due to
extrapolation at large Euclidean time.
4He 8Be
LO [OðQ0Þ] 28:0ð3Þ 57ð2Þ
NLO [OðQ2Þ] 24:9ð5Þ 47ð2Þ
NNLO [OðQ3Þ] 28:3ð6Þ 55ð2Þ
Expt. 28:30 56:50
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FIG. 1 (color online). Lattice results for the 12C spectrum at
leading order (LO). Panel I shows the results using initial states
A, B, and , each of which approaches the ground state energy.
Panel II shows the results using initial states C, D, and . These
trace out an intermediate plateau at an energy ’ 7 MeV above
the ground state.
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creation operators after the first time step to inject four
more nucleons at rest, followed by the injection of four
additional nucleons at rest after the second time step. This
procedure is used in reverse to extract nucleons for the final
state A. An identical scheme is used for initial state B,
though the interactions in HSUð4Þ are not as strongly attrac-
tive as those for A.
For the initial state , we use a wave function con-
structed from of three alpha clusters, as shown in Fig. 2.
The alpha clusters are formed by Gaussian wave packets
centered on the vertices of a compact triangle. In order to
construct eigenstates of total momentum and lattice cubic
rotations, we consider all possible translations and rota-
tions of the initial state. There are a total of 12 equivalent
orientations of . We do not find rapid convergence to the
ground state when starting from any other configuration of
alpha clusters. We thus conclude that the alpha cluster
configurations in Fig. 2 have the strongest overlap with
the 0þ1 ground state of
12C. The fact that  is an isosceles
right triangle rather than an equilateral triangle is merely
a lattice artifact.
In Panel II of Fig. 1, we show the leading-order energies
obtained from the initial states C, D, and . Each of these
approaches an intermediate plateau at 89ð2Þ MeV. In the
limit of infinite Euclidean time, these would eventually also
approach the ground state energy. However, it is clear that a
different state is first being formed which is distinct from the
ground state. We identify the 0þ state in this plateau region
as the 0þ2 Hoyle state. The common thread connecting the
initial states C,D, and is that each produces a state which
has an extended (or prolate) geometry. This is in contrast to
the oblate triangular configuration shown in Fig. 2.
For initial state C, we take four nucleons at rest, four
with momenta (2=L, 2=L, 2=L), and four with mo-
menta ( 2=L, 2=L, 2=L). Similarly, for initial
state D we take four nucleons at rest, four with momenta
(2=L, 2=L, 0), and four with momenta ( 2=L,
2=L, 0). Finally, initial state  uses a set of three alpha
clusters formed by Gaussian wave packets centered on the
vertices of a bent-arm (or obtuse) triangular configuration,
as shown in Fig. 3. There are a total of 24 equivalent
orientations of . We do not find the same energy plateau
starting from other configurations of alpha clusters. We con-
clude that configurations of the type shown in Fig. 3 have
the strongest overlap with the 0þ2 Hoyle state of
12C.
We use the multichannel method of Ref. [13] to find a
spin-2 excitation above the ground state, as well as a spin-2
excitation above the Hoyle state. In both cases, we make
use of the Eþ representation of the cubic rotation group on
the lattice. We summarize our results for the binding
energies of the low-lying, even-parity states of 12C in
Table II. The binding energies at NNLO are in agreement
with the experimental values.
In Table III, we present results at LO for the root-mean-
square charge radii and quadrupole moments of the even-
parity states of 12C, with experimental values given where
available. In this study, we compute electromagnetic
moments only at LO. We note that moments such as the
charge radius for resonances above threshold are dependent
FIG. 2 (color online). Illustration of the initial state. There are
12 equivalent orientations of this compact triangular configuration.
FIG. 3 (color online). Illustration of the initial state . There
are 24 equivalent orientations of this bent-arm or obtuse trian-
gular configuration.
TABLE II. Lattice and experimental results for the energies of
the low-lying even-parity states of 12C, in units of MeV.
0þ1 2þ1 ðEþÞ 0þ2 2þ2 ðEþÞ
LO 96ð2Þ 94ð2Þ 89ð2Þ 88ð2Þ
NLO 77ð3Þ 74ð3Þ 72ð3Þ 70ð3Þ
NNLO 92ð3Þ 89ð3Þ 85ð3Þ 83ð3Þ
Expt. 92:16 87:72 84:51 82:6ð1Þ [8,10]
81:1ð3Þ [9]
82:32ð6Þ [11]
TABLE III. Lattice results at leading order (LO) and experi-
mental values for the root-mean-square charge radii and quad-
rupole moments of the 12C states.
LO Expt.
rð0þ1 Þ [fm] 2.2(2) 2.47(2) [26]
rð2þ1 Þ [fm] 2.2(2) . . .
Qð2þ1 Þ [e fm2] 6(2) 6(3) [27]
rð0þ2 Þ [fm] 2.4(2) . . .
rð2þ2 Þ [fm] 2.4(2) . . .
Qð2þ2 Þ [e fm2] 7ð2Þ . . .
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on the boundary conditions used to regulate the continuum-
state asymptotics of the wave function. We avoid this prob-
lem, because all of the low-lying states are bound at LO. One
expects that as the higher-order corrections push the binding
energies closer to the triple alpha threshold, the correspond-
ing radii will increase accordingly. A detailed study of these
resonances as a function of lattice volumewill be undertaken
in futurework.We find good agreement with the experimen-
tal value for the 2þ1 quadrupole moment. The sign difference
of the electric quadrupole moments of the spin-2 states is a
reflection of the oblate shape of the 2þ1 state and the prolate
shape of the 2þ2 state.
The LO results for the electromagnetic transitions among
the even-parity states of 12C are shown in Table IV. For a
definition of the quantities shown, see, e.g., Ref. [29]. We
find reasonable agreement with available experimental data.
The lattice results at LO have a tendency to slightly under-
estimate the experimental values. Presumably, this reflects
the greater binding energies and smaller radii of the nuclei at
LO. We also predict electromagnetic decays involving the
2þ2 state, which are likely to be measured experimentally in
the near future.
In summary, we have presented ab initio lattice calcu-
lations which reveal the structure of the Hoyle state and
find evidence for a low-lying spin-2 rotational excitation.
For the ground state and the first spin-2 state, we find
mostly a compact triangular configuration of alpha clus-
ters. For the Hoyle state and the second spin-2 state, we
find a bent-arm or obtuse triangular configuration of
alpha clusters. We have calculated charge radii, quadrupole
moments and electromagnetic transitions among the low-
lying even-parity states of 12C at LO. All of our results are
in reasonable agreement with experiment. While further
work is clearly needed (such as calculations using smaller
lattice spacings), our results provide a deeper understand-
ing starting from first principles, of the structure and
rotations of the Hoyle state.
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